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ABSTRACT

We study minimal flows by studying a universal minimal flow, invari-
ant closed equivalence relations (icers) on it, subgroups of its group of
automorphisms, and the interplay among these objects. As examples of
this approach we discuss and give short proofs of some standard results
on distal flows. We end with a statement of the Furstenberg structure
theorem from this point of view.

1. Introduction

In this paper we expound the classical theory of minimal flows from the point of
view of invariant closed equivalence relations (icers) on the universal minimal set
M. By a flow we mean a compact Hausdorff space, X, upon which a topological
group T (fixed for the duration of the paper) acts on the right. In the situations
considered here there is no loss of generality if T is given the discrete topology.
As usual a flow is point transitive if the orbit closure of some point in X is
all of X, and minimal if the orbit closure of every point in X is all of X.

The Stone-Cech compactification, ST, of T' possesses a natural semigroup
structure which makes 87 into a point transitive flow. This flow is universal
in the sense that any point transitive flow is a homomorphic image of ST.
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Moreover, any minimal right ideal M C AT is universal for minimal flows.
Thus every minimal flow X, being a homomorphic image of M, may be written
in the form X = M/R for some icer R on M.

The approach taken here is to understand the properties of M/R by studying
the icer R. One of the key tools used is the group, G, of automorphisms of
M. Icers are constructed and analyzed using subgroups of G. In particular the
group, G(R), associated to an icer is defined as a subgroup of G. In [E1] G was
viewed instead as a subset Mu of M, where u € M was a fixed idempotent.
The group of a minimal flow was then defined up to conjugacy as a subgroup of
Mu. The point of view taken here eliminates the asymmetrical treatment of the
idempotents in M. However, this new approach cannot be a mere translation
of the results in [A1], [E1] and [G1], since the same flow, X, may have several
different representations in the form M/R; that is, we could have M /S = X =
M/R with R # S.

This approach gives rise to new concepts and problems. We discuss some of
these. The reader is assumed to be acquainted with the material in [Al], [E1]
and [G1].

2. Notation and definitions
We will be considering minimal flows (X, T) for a fixed group T

2.1 Notation: Let BT denote the Stone-Cech compactification of the diserete
group T'. We fix a minimal right ideal M C fT. We will use

J={ue M|u®=u}
to denote the set of idempotents in M. We will use
G ={a: M - M | o is an automorphism}

to denote the set of automorphisms of M.

2.2 Definition and Notation: Let R C M x M. The actions of T, 8T, and M
on M extend in the obvious way to diagonal actions on M x M. When R is
closed and invariant under T' (so that (p,q)t = (pt,qt) € R for all (p,q) € R),
R is also invariant under the actions of 8T and M (so that Rz = R for all
z € BT). We refer to a closed invariant equivalence relation as an icer. Note
that in this case M/R is compact, and the action of T on M induces an action
of T on M/R, so that M/R is a flow.
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Indeed, any minimal flow X is a homomorphic image of M, so we can write
X = M/R for some T-invariant closed equivalence relation (icer) R, on M. We
will study minimal flows by studying the corresponding icers on M. It will be
convenient to use the following notation.

Let R, S be icers on M with R C S. Then

TR M - M/R and «f:M/R— M/S

denote the canonical identification maps.
We will make repeated use of the following proposition (whose proof appears
in slightly different notation in [E1]).

2.3 PROPOSITION: Let M C T be a fixed minimal ideal. Then every element
p € M can be written uniquely in the form p = a(u) for some automorphism
«a € G and idempotent u € J. Moreover, the semigroup structure on M is given
by:

a(u)B(v) = a(B(v)).

Given an automorphism a € G, and an icer R on M, it is natural to consider
the following diagram:

M—2>M

M/R—> M/R

and ask: When can we fill in the question mark so as to give an automorphism
of M/R? In other words, when does a “descend” to an automorphism of M/R?
This will happen when

(a(p),a(q)) € R <= (p,q) € R.

Writing a(p, ¢) = (a(p), a(q)), this condition amounts to saying that a(R) = R.
Similarly, o descends to the identity on M/R when (p,a(p)) € Rforallp e M.
These facts motivate the following definitions:

2.4 Definition: Let R be an icer on M. We denote
aut(R) = {a € G | a(R) = R}.
We define the group of R by

G(R) ={a € G| gr(a) C R},
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where the graph of a € G is given by

gr{e) = {(p,a(p)) |p€e M} C M x M.

It is straightforward to check, for instance by using the remarks above, that
G(R) is a normal subgroup of aut(R).

Having defined the group of an icer R as a subgroup of G, it is natural to
ask: For which subgroups A C G does there exist an icer R on M such that
G(R) = A? The answer is provided by the so-called 7-topology on G. Namely,
such an R exists if and only if the subgroup A is r-closed. The construction of
this topology and the proof of this result from the point of view taken here is
interesting but not the subject of this paper. Here we will just make use of the
result together with the fact that the product of 7-closed subsets of G is again
T-closed. We state this result for reference.

2.5 The t-topolology on G: There exists a compact 11 topology on G such
that:
(a) A is a closed subgroup of G if and only if

A=G(R) where R = gr(4) = U{gr(a) |a € A};

(b) if A, B are closed in G, then AB is closed.

3. Some basic results

One of our main themes is that icers on M (and hence flows) can be studied using
the group G and its subgroups. We begin with a basic result which facilitates
this approach.

3.1 PROPOSITION: Let R be an icer on M. Then
R = {(a(u),B(v)) | aB~" € G(R), and a(u,v) € R}
= {(a(u), B(v)) | @B~ € G(R), and B(u,v) € R}.
Proof: Let (a(u),B(v)) € R. Then
(@7 (v),v) = (a(u), B(v))B~ ' (v) € R~ (v) C R.
Hence gr(af~') C R and a8~ ! € G(R). Moreover,
(a(v), B(v)) = (a(u), B(v)}v € Ru C R,

and since R is transitive (a(u), a(v)) € R.
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On the other hand, assume that (a(x),a(v)) € R and e~ € G(R). Then
(B(v), a(v)) = (B(v),aB™ (B(v))) € gr(ef™") C R.
Since R is transitive it follows that (a(u), 8(v)) € R. We have shown that
R = {(a(u), B(v)) | a8~ € G(R), and a(u,v) € R};

the other equality follows immediately from the fact that R is symmetric.

3.2 PROPOSITION: Let R, S be icers on M. Then:
(a) if p: M/R — M/S is a homomorphism, then there exists « € G with
al(R)C Sand pomgp =7mg0aq;
(b) if « € G with a(R) C S, then there exists a homomorphism ¢: M/R —
M/S such that porgr =g oa.

Proof: (a) Let ¢: M/R — M/S be a flow homomorphism. Then gr(y) is a
minimal subset of M/R x M/S, so there exists a minimal set Y C M x M with
(rg x ws)(Y) = gr(¢). But the only minimal subsets of M x M are graphs of
automorphisms, so there exists @ € G with ¥ = gr(a). Now it is immediate
that ponrg =wsoa and a(R) C S.

(b) Let @ € G with a(R) C S, and (p,q) € R. Then (a(p),a(q)) € S and
hence wg(a(p)) = ms(alg)). It follows that

o: M/R— M/S
pR — a(p)S
is a well-defined homomorphism with p o g = 75 0 .
3.3 COROLLARY: Let R, S be icers on M. Then M/R = M/S if and only if
a(R) = S for some a € G.

3.4 COROLLARY: Let R, S be icers on M such that M/R = M/S. Assume that
a(R) =R for alla € G. Then R = S. Thus in this case the representation of
X in the form M/R is unique.

3.5 Definition: We say that an icer R on M is regular if a(R) = R for all
a € G. Thus R is regular if and only if aut(R) = G.

3.6 Remarks: In [A2] Auslander defined the minimal flow X to be regular if,
given z,y € X, there exists a homomorphism ¢: X — X such that ¢(z) and
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y are proximal. In fact, R is regular in the sense of 3.5 if and only if M/R is
regular in Auslander’s sense.

Proof: Suppose that R is regular in the sense of 3.5, and let z = wg(a(u)),
y = mr(B(v)) € M/R. Then fa~! € G induces an automorphism
o: M/R - M/R
pR = Ba~t(p)R.
Clearly ¢(x)v = yv and hence ¢(z) is proximal to y.
On the other hand, suppose that M/R is regular in Auslander’s sense, and

let o € G and u € J. Then there exists a homomorphism ¢: M/R — M/R such
that o(nr(u)) is proximal to mg(a(u)). Thus for some b € 8T,

o(mr(ub)) = ¢(rr(u))b = mr(a(u))b = Tr(a(ub)),
and hence ¢ o mg = 7g 0 a. It then follows immediately that a(R) C R.

3.7 ProPOSITION: Let f: X — Y be a homomorphism of minimal flows.
Assume that g: X = M/R where R is an icer on M. Then there exists an
icer S on M and an isomorphism h: Y = M/S such that

(a) RCS,

(b) m& o g=ho f; that is, the folowing diagram is commutative:

x —> M/R
fl lﬂg
h
Yy —%~ M/S

This shows that in studying extensions X — Y we may assume that we are
looking at the canonical map m&: M/R — M/S where R C S are icers on M.
Thus we say that M/R is an extension of M/Sif RC S.

Proof: Let § = {(p,q) € M x M | f(¢~(nr(p))) = f(¢97'(nr(2)))}. Then
S is an icer on M with R C S. The map fog™ ! owg: M — Y induces an

isomorphism ¢: M/S — Y. Setting h = 0! gives the desired result.

4. The relative product

4.1 Definition: Let R,S be any relations on M. We define the relative
product Ro S, of R and S by

RoS ={(p,q) € M x M | there exists r € M with (p,7) € R and (r,q) € S}.
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4.2 Remark: Note that in general the relative product R o § of two closed
equivalence relations is closed and reflexive, but need not be symmetric or tran-
sitive. It is clear that when R o S is an icer, it is the smallest icer containing
both R and S. Thus in this case M /(R o S) is the infimum of the flows M/R
and M/S. In this section we will be interested in conditions on R and S which
guarantee that R o S is an icer.

4.3 PrROPOSITION: Let R,S be icers on M such that Ro S is an icer on M.
Then G(Ro S) = G(R)G(S).

Proof: Since R,S C Ro S, both G(R) and G(S) are contained in G(R o S).
But the latter is a group, so G(R)G(S) C G(Ro S).

In order to show that G(Ro S) C G(R)G(S), let @« € G(Ro S) and u? =
u € M. Then (u,a(u)) € RoS = S o R, so there exists S(v) € M with
(u,B(v)) € S and (B(v),a(u)) € R. Hence 8 € G(S) and fa~' € G(R). Thus
a=(af™)B=(Ba"!)7'B € G(R)G(S).

4.4 Notation: It will be convenient to use the notation

Py = {(a(u),a(v)) |a € G, (u,v) € I x I} = | a(J x J).
[13¢

Note that Py is an equivalence relation.

4.5 PROPOSITION: Let R, S be icers on M such that:
(1) PonSc FyNR,
(2) G(S) Cc G(R).

Then S C R.

Proof: Let (a(u),B(v)) € S. Then by Proposition 3.1, af~! € G(S) and
a(u,v) € §. Our assumptions now imply that af~! € G(R) and a(u,v) €
PynS C PyNR. Thus, again by 3.1, (a(u), 8(v)) € R.

4.6 PROPOSITION: Let
(1) R, S be icers on M,
(2) G(S) C aut(R),
(3) SNPyCRNPF,.
Then Ro S is an icer on M.

Proof: As weremarked in 4.2, RoS is always closed invariant and reflexive when
R and S are icers, so we need only show that it is symmetric and transitive. Let
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(a(u),y(w)) € Ro S. Then there exists 8 € G and v € J with (a(u),8(v)) € R
and (8(v),y(w)) € S. Hence by 3.1,

Ba~' € G(R), (a(u),a(v)) €R, 81e€G(S) and (y(v),y(w)) € SNP,.

Thus
ot =987 Bat € G(S)G(R).

Assumption (2) together with the fact that G(R) is normal in aut(R) implies
that G(R)G(S) = G(S)G(R). Therefore, there exist p € G(R) and v € G(S)
with ya~! = pv. Since v € G(S) C aut(R), it follows that

(a(u),v(a(u)) € § and (v(a(u)),v(a(v))) = v(afu),a(v)) € v(R) = R.

Combining these gives that (a(u),v(a(v))) € S o R. On the other hand, p €
G(R), so
(v(a(v)),7(v)) = (v(a(v), pr(a(v))) € R.

Combining the last two statements gives (a(u),y(v)) € SoRo R = So R.
Finally,
(7(v),7(w)) € SNP C RN By,

so (a(u),y(w)) € So Ro R =S o R. We have now shown that RoS C So R.
But then
SoR=(RoS) ' C(SoR)"'=RoS5,

and hence Ro S = S o R is symmetric. It follows immediately that Ro S is
transitive because

(RoS)o(RoS)=RoSocSoR=RoSoR=RoRoS=RoS.

4.7 PROPOSITION: Let
(1) R, S be icers on M,
(2) G(R)G(S) = G(S)G(R),
3) RNP=SNFk,.

Then Ro S is an icer on M.

Proof: Let (a(u),y(w)) € Ro S. Then there exists § € G and v € J with
(a(u), B(v)) € R and (B(v),v(w)) € S. Hence Ba~! € G(R) and v8~! € G(S),
from which it follows that

va~! =y~ 8a"! € G(S)G(R) = G(R)G(S).
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Thus there exist p € G(R) and v € G(S) with ya™! = pv. Now (a(u),a(v)) €
RNPy=85nNPk,,so
(a(u),v(a(v))) € S

because v € G(S). Also, (v(a(v)),y(v)) = (v(a(v)), pr{a(v))) € R because
p € G(R). Finally,
(v(v),v(w)) € SN Py = RN P,

so {a(u),vy(w)) € So Ro R = 5o R. This shows that Ro .S C So R. It follows
as in the proof of 4.6 that Ro S is an icer.

5. Distal flows

5.1 Definition: Let R be an icer on M. We say that R is distal if X = M/R
is a distal flow.

5.2 Remark: Let (a(u),a(v)) € Py. Then for any p € M,
mr(c(w))p = wr(a(u)p) = nr(a(p)) = 7r(a(v)p) = Tr(a(v))p,

so mr(a(u)) and mr(a(v)) are proximal points in M/R. Thus when R is distal,
mr{a(u)) = mr(a(v)) and hence (a(u), a(v)) € R. This shows that when R is
distal, Py C R. In fact, as we state for emphasis in the following proposition,
this property gives a characterization of distal icers.

5.3 PROPOSITION: Let R be an icer on M. Then X = M/R is a distal flow if
and only if Py C R.

Proof: 5.2 shows that if R is distal, then Py C R. On the other hand, suppose
that Py C R and let a(u), B(v) € M with mr{a(u)) proximal to 7g(5(v)). Then

mr(a(ub)) = mr(e(u))b = Tr(B(v))b = Tr(B(vD)),
for some b € BT. But (a(u),a(v)) € Py C R, so
(a(ub), a(vd)) = (afu),a(v))b C Rb C R.

Since R is transitive it follows that (a(vd), B(vb)) € R, and hence (a(u), 8(u)) €
R (because u € M = vbM). Using the fact that (8(u), B(v)) € Py C R, it now
follows that (a(u), B(v)) € R and wr{a(u)) = Tr(8(v)).
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5.4 Definition: Let
D ={R| R is a distal icer on M}

and set S; ={) rep B- It follows immediately from 5.3 that Sy is a distal icer.
By construction, R is a distal icer if and only if S; C R.

5.5 PROPOSITION: Let D = G(S;). Then:
(a) Sy is regular,
(b) D is a normal subgroup of G,
(¢) Sy = {(a(u),B()) | aB~! € D, and u,v € J}.

Proof: (a) If R is distal, then for any @ € G, Py = a(Fy) C a(R), and hence
a(R) is distal. Thus

M&ﬁu%f]R)=f]Mm=S¢
ReD ReD
(b) G(S;) is normal in aut(Sq), which is G by part (a).
(c) By 3.1, Sg = {(a(u),B(®)) | af~! € D, and (u,v) € o 1(S4)}. Thus
the result follows from the fact that a(u,v) € Py C Sy for all ¢ € G and
(u,v) € J x J.

5.6 PROPOSITION: Let X = M/R. Then:
(a) Ro Sy is an icer on M,
(b) G(RoS;) =G(R)D.

Proof: (a) Since S; is regular, G(R) C G = aut(Sy). Since Sy is distal,
RN Py C Py=5;NP,. It now follows from 4.6 that R o S, is an icer.
(b) This follows from part (a) and 4.3.

5.7 PROPOSITION: Let
(1) R, S be icers on M,
(2) S be distal,
(3) G(R)G(S) be a group.
Then
(a) Ro S is an icer on M,
(b) G(RoS) = G(R)G(S).

Proof: (a) gr(G(R)G(S)) is an icer on M by (3) and 2.5. Thus

N = gr(G(R)G(S)) o S
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is an icer on M (by 5.6). We will show that N = Ro S and hence that Ro S is
an icer. First note that

gr(G(R)G(S)) = gr(G(S)G(R)) C Ro S,
sothat N C RoSoS; = RoS (because S; C S by (2)). On the other hand,
N = {(a(u), B(v)) | af~" € G(N),a(u,v) € N}
= {(a(u), B(v)) | af™" € G(N)}
since Py C Sy C N. Therefore
R = {(a(u), 8(v)) | aB~* € G(R), a(u,v) € R}
C {(a(u),B(v)) | e~ € G(N)} = N
and similarly § C N. Since N is an equivalence relation it follows that RoS C N

and hence Ro S = N.
(b) This follows from part (a) and 4.3.

5.8 PROPOSITION: Let
(1) D={R| R is a distal icer on M},
(2) G ={H | H is a closed subgroup of G with D C H}.

v

(3)
pD—>G
N - G(N),
(4)
v:G—>D
A — Szogr(A).
Then

(a) o is bijective, its inverse being the map 1,
{(b) ¥(A) is regular if and only if A is normal.

Proof: The fact that ¢ is injective follows immediately from 4.5. The rest of
the proof is left to the reader.

6. Distal extensions

6.1 Definition: Let R,S be icers on M with R C S. We say that R C S is
distal if rg: M/R — M/S is distal. In other words, B C S is a distal extension
if M/R is a distal extension of M/S.

In analogy with Proposition 5.3, the following proposition gives a characteri-
zation of distal extensions. We leave the proof to the reader.
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6.2 PROPOSITION: Let R C S beicerson M. Then R C S is a distal extension
ifand only if RN Py = 5N F,.

6.3 COROLLARY: Let R,N,S beicerson M with RCNCS. Then RC S is
distal if and only if R C N and N C S are both distal.

Proof: This follows immediately from 6.2.

6.4 PROPOSITION: Let N be a collection of distal extensions of R. Then
S = (N is a distal extension of R.

Proof: By 6.2, NNPy=RnNPforall N € N. Thus SNFPy =y p(NNF)
= Nyen (BN F) = RN Py, and S is a distal extension of R.

6.5 Definition: Let R be an icer on M, and R the collection of distal extensions
of R. Then we define R* = ﬂR Note that by 6.4, R* is a distal extension of
R.

6.6 PROPOSITION: Let N, R be icers on M with N C R. Then N is a distal
extension of R if and only if R* C N.

Proof: = This is clear from the definition of R*.
< If R* ¢ N C R, then since R* C R is distal, it follows from 6.3 that
R* ¢ N and N C R are both distal.

6.7 Remark: Let R be an icer on M. Then it is easy to check that (a(R))* =
a(R*) for all @ € G. It follows immediately from this that aut(R) C aut(R*).

6.8 PROPOSITION: Let R, N, S be icers on M such that:
(1) S,N CR,
(2) N is a distal extension of R,
(3) G(S) C G(N).

Then SC N.

Proof: Using assumption (2) and 6.2, we see that B, NS C HhNR=FKNN.

Thus
S ={(a(u),B(v)) | a8~ € G(5), a(u,v) € S}

C {(a(u),B(v)) | ap™" € G(N),a(u,v) € N} = N.
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6.9 PROPOSITION: Let
(1) R, N be icers on M,
(2) NCR.
Then R* o N is an icer on M.

Proof: G(N) C G(R) C aut(R) C aut{R*) by 2.4 and 6.7. Moreover,
NNPF CERNF =R'NEF,.

Thus it follows from 4.6 that R* o IV is an icer.

6.10 PROPOSITION: Let
(1) N, R, S beicerson M,
(2) S C R be distal,
(3) G(N)G(S) be a group,
(4) NCR.

Then N o S is an icer on M.

Proof: gr(G(N)G(S)) is an icer on M by (3) and 2.5. In addition,

gr(GIN)G(S)) c gr(G(R)) C R,

251

so No = gr(G(N)G(S)) o R* is an icer on M (by 6.9). We will show that

Ny = N o S and hence that N o S is an icer. First note that

gr(G(N)G(S)) CNo S,

so that No C NoSoR* = NoS (because B* C S by (2) and 6.6). On the other
hand, R* C Ny C R, so Ny is a distal extension of R by 6.6. But G(IV) C G{Ng)
and G(S) C G(Ny), so it follows from 6.8 that N C Ny and S C Ny. Since N
is an equivalence relation, it follows that N o S C Ny and hence N o § = Ny.

6.11 PROPOSITION: Let
(1) S be a distal extension of R,
(2) N ={N| N is an icer with S C N C R},
(3) H={H | H is a closed subgroup of G with G(S) C H C G(R)}.
Then
o N> H
N = G(N)
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is bijective, its inverse being the map ¢ defined by ¥(H) = S o gr(H) for all
HeH.

Proof: Forany H € H, gr(H) C gr(G(R)) C R. Since G(S) C H = G(gr(H)),
G(S)H = H is a group and it follows from 6.10 that S o gr(H) is an icer. Thus

the map v is well-defined. Indeed ¢(v)(H)) = G(Sogr(H)) = G(S)H = H.
On the other hand, if N € NV, then ¢)(¢(N)) = Sogr(G(N)). But Sogr(G(N))
is a distal extension of R whose group is G(NV), so it follows by applying 6.8

twice that S o gr(G{N)) = N.

7. The Furstenberg structure theorem

Finally, we describe the Furstenberg structure theorem in this context; here
the so-called Furstenberg towers are constructed in a natural way using relative
products.

7.1 Definition: Let X = M/N and Y = M/R be flows with N C R icers.
We say that X is an almost periodic extension of Y (N C R is almost
periodic) if: X is a distal extension of Y and G(R)' C G(N).

7.2 THEOREM (Furstenberg Structure Theorem): Let
(1) X = M/R be a minimal distal flow,
(2) v be the smallest ordinal with G* C G(R),
(3) G® =G, Ry =gr(G®)o R forall a < v.
Then
(a) R, is an icer for all o,
(b) Ry =M x M,
(¢) R, =R,
(d) Rat+1 C Rq is an almost periodic extension for alla +1 < v,
() Ra = (<o Rp for all limit ordinals a <v.
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